It is proved that isomorphisms between algebras of smooth functions on Hausdorff smooth manifolds are implemented by diffeomorphisms. It is not required that manifolds are connected nor second countable nor paracompact. This solves a problem stated by A. Weinstein. Some related results are discussed as well.
1. Introduction. Choose F to be either R or C. The following looks familiar to most mathematicians.
Theorem 1. Every algebra isomorphism
: C ∞ (M 1 ; F) → C ∞ (M 2 ; F) between the associative algebras of all F-valued smooth functions on Hausdorff smooth finite-dimensional manifolds M 1 and M 2 is the pullback by a smooth diffeomorphism : M 2 → M 1 .
However, as it was pointed out to us by A. Weinstein, the standard proofs of this fact available in the literature strongly use the additional requirement that the manifolds are second countable. This is because they use the interpretation of points of such manifolds as multiplicative functionals on the corresponding algebras of functions (this result is sometimes called "Milnor's exercise ", cf. [12, p. 11] ), that has been proved for second countable manifolds (see e.g. [6, Proposition 3.5] or [1, Suppl. 4.2C] ). Even if we assume that the manifolds are paracompact, such proofs work only when the number of the connected components of the manifolds (e.g. discrete sets) is not bigger than the cardinality of the reals.
Of course, a similar problem occurs when we deal with algebras C(X; F) of all continuous instead of smooth functions. The fact that, for X i being compact (respectively, completely regular and first countable) topological spaces, i = 1, 2, the associative algebras C(X 1 ; R) and C(X 2 ; R) are isomorphic if and only if X 1 and X 2 are homeomorphic was proved already in 1937 by Gel'fand and Kolmogoroff [4] (see also [14] ). In the compact case the Vol. 85, 2005 Isomorphisms of algebras of smooth functions revisited 191 authors used also the characterization of points of these spaces as multiplicative functionals (or, equivalently, one-codimensional ideals) of the corresponding algebras of continuous functions. In the general case, an identification of the space of all maximal ideals with the Stone-Čech compactification βX, together with some properties of βX for first countable X, was used. Note that the theorems in [4] have an existential character and the form of the algebra isomorphism is not given. The class of completely regular topological spaces X such that every one-codimensional ideal in C(X; R) is of the form p * = {f ∈ C(X; R) : f (p) = 0} for a certain x ∈ X appeared in [7] under the name Q-spaces (there are various equivalent definitions). Now the name realcompact spaces is commonly used. Let us call ideals of the form p * fixed and the other one-codimensional ideals free. In this language, the space X is realcompact if all one-codimensional ideals in C(X; R) are fixed. Smooth manifolds M with the analogous property of the algebra C ∞ (M; R) are called smoothly realcompact. For a survey of results on properties of realcompact and smoothly realcompact spaces we refer to [3, Chapter 3.11], [5, Chapter 8], and [11, Chapter IV].
Note that the problem of realcompactness of discrete sets reduces to the problem of σ -measurability of their cardinalities (see Definition 1 and the remarks thereafter). In general, paracompact spaces are realcompact if and only if the cardinalities of all their closed discrete subsets are not σ -measurable [10], [8] (see also [3, 5.5.10] ). Since connected paracompact Hausdorff smooth manifolds are second countable, the maximal cardinality of closed discrete subsets of a paracompact Hausdorff manifold M which is not second countable equals the cardinality of the set of all connected components of M. We will prove the following.
Theorem 2. A paracompact smooth manifold M is realcompact if and only if the cardinality m of the set of all components of M is not σ -measurable.
This means that one cannot identify points with one-codimensional ideals in C ∞ (M; R) for a paracompact Hausdorff smooth manifold M with σ -measurable cardinality of components, so one cannot apply directly the standard proof of the form of isomorphisms of the algebras of smooth functions for such manifolds. Of course, one can try to adapt the proof of Gel'fand and Kolmogoroff [4] , but there are several delicate points there.
There are very few papers on differentiable manifolds which are not assumed to be paracompact. This is because main tools like the partition of unity are not available in that case. Our aim in this note is to prove Theorem 1 in full generality. The trick is that, to characterize points, we use not all one-codimensional ideals but a natural subclass of them. We present also a few related results. In particular, we get a short proof of the Gel'fand-Kolmogoroff result [4] complemented by a description of the form of isomorphisms and without use of the Stone-Čech compactification.
After publishing our proof in the arxiv, we found the preprint [13], where Theorem 1 has been proved (first for paracompact manifolds, then, in a new version of the preprint, in general) by different methods using characteristic sequences of functions instead of the characterization of multiplicative functionals on the algebras of smooth functions.
All smooth manifolds in this note are assumed to be Hausdorff and finite-dimensional if not otherwise stated.
